In this work we analyze some characteristics of Bogomol'nyi's equations for abelian gauge theories with Chern-Simons-Maxwell-Higgs terms. We don't obtain the complete solution for the model, but we analyze the equations in a kind of weak field approximation instead of using a computational analysis. Our main idea is to get some intuition on the subject. Working with the equations in such approach we reproduce the accurate behavior next to the origin.
Introduction
Homotopy groups play a very important role when applied in topological systems. They lead us to a kind of solution -the so-called topological defect of the theory. In the case of abelian gauge systems with Chern-Simons-Maxwell-Higgs terms the nontrivial homotopy group is the fundamental one. Vortices solutions are related with gauge theory by a Higgs field, or to be more precise by a spontaneous symmetry breaking (SSB) mechanism. Besides, when the lagrangian shows SSB and the ground state of a scalar field (vacuum value) is different of zero and the fundamental group is nontrivial we have vortices solutions. This is the case in question. In such abelian system we obtain self-dual vortices equations. For this purpose we first introduce, in the second section, the principal ideas of the model. In the third section we find the self-dual equations and then solve the system in an weak field approximation for the regime r → 0.
The Model
Following the work of Choonkyu Lee et al [1] , we start with a lagrangian density defined in a (2 + 1) dimensional flat spacetime given by
where D µ = ∂ µ − ieA µ , φ is a scalar complex field and N a neutral scalar field. Clearly, the system is a U(1) gauge theory. The potential of model is
When the symmetry is broken there appears two degenerate states in the energy ground state. However, the most important case, in the sense of topological solutions, shows up when
In the ground state, the system is not invariant by U(1) action, and the first homotopy group is 1 π
If we look for self-dual equations first we need to write down the energy functional related to the lagrangian given by eq. (2.1), so
Here the first and the second terms are the electric and magnetic field contributions, respectively, and the intermediary terms are the Higgs scalar field contribution besides, of course, the neutral field and the potential 2 . The next section is dedicated to obtain the self-dual equations. 1 The complete proof is in the appendix. 2 Note that there's no contribution from Chern-Simons term. In fact, this term has no dynamics and do not depend on the metric. The energy-momentum tensor of 1 4 µε µνρ F µν A ρ is zero.
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Bogomol'nyi's Equations
Is well known that this kind of system [6] have the minimum of energy proportional to the magnetic flux (Θ in our notation). So, working out equation (2.5) one finds
Where we made use of a "key equation"
without considering the superficial term and writing down explicitly the potential. The Gauss law is given by
We want to write the equation (3.1) like a sum of squares. To do it we first note that
and
With this equations and taking into account the constraint imposed by the Gauss law we have
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Now we are able to write the self-dual equations. To this purpose let's first set ∂ 0 N = 0 (static configuration). We have the minimum energy for the system (ε = ea 2 |Θ|) when
As we are interested in the static configurations of the fields, we can to reduce the above equations to
At this point we can search for solutions. We shall work in a special configuration of fields called rotationally symmetric, given by the following ansatz
where n is a nonnegative integer and prime means dg/dr. Our expectation is that the fields are well defined when r → 0 and, when r → ∞ we expect g → a and N → 0, since this boundary conditions gives rise to finite energy solutions.
To solve completely the equations (3.14) and (3.15), together with the ansatz we would need numerical analysis. However, as it was mentioned before we shall use a very convenient approximation. First, let's define g(r) = exp(y(r)) and then pick up only the first (linear) term in the equation (3.15) and after chose, without lost of essential generality, the vacuum field value equal to one. Our approximation consists into analyze the system in the limit of weak fields. In practical terms it means to considerer only linear terms in the expansion of exp y(r) and N. So, gathering all these modifications and considerations in the self-dual equations we have
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where J(0) and Y (0) are the Bessel's functions (of zero index) of first and secund kind, respectively and and
So, our solution becomes
or in terms of scalar field
Adjusting the integration constants (C 1 = C 3 = 2) we have a interesting situation
So, the scalar field increases with r 4 showing up a good behavior (comparing figures 1 and 2 ). Unfortunately when r → ∞ the field g goes to zero with a factor 1/ √ r and it does not saturate to the vacuum value. Then, our approximation fails in this sector.
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Final Remarks
The model we considered is the simplest case with Chern-Simons and Maxwell terms together in the lagrangian. A little more complicated model can be find in [1] . The main difference is the presence of another scalar field. However the system worked here gives a good example of planar vortices in abelian gauge theories. Our method of solving the Bogomol'nyi's equations is, again, based upon on a trick to linearize fields equations in an weak field approximation and, then, adjust the integration constants to obtain physical solutions.
The calculation uses a special kind of configuration called rotationally symmetric. In this case we obtain a solution given by second kind modified Bessel's equations. In fact, it's a direct consequence of cylindrical symmetry of the system.
To conclude, we call the attention for the fact of that this trick reproduce all solution for a little bit more simple model with a Chern-Simons-Higgs lagrangian given by
The energy functional is
without the surface term. Proceeding from similar way to the previous case we have
thus the Bogomol'nyi's equations are
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Working once again with rotationally symmetric field configuration and weak approximation the scalar field assumes the form
where α is an arbitrary constant and I 0 (r) is given by I 0 (r) = 1 + r 2 2 2 + r 4 2 2 .4 2 + r 6 2 2 .4 2 .6 2 + · · · .
(4.8)
The behavior of scalar field can be better visualized in the figure 2. Note the topological stability when r → ∞ showing a good behavior. 
Appendix
Here we will give a proof of the isomorphism between the circle S 1 and the additive group of integers Z (π 1 (S 1 ) = Z) [8] .
Proof.: To each classroom of homotopy α = [a] of closed paths in S 1 we will associate the entire n(a). The degree n(a) depends only on the classroom but α not of the closed way a that we choose to represent it. Thus we can speak in the degree n(α) of classroom α and get an application n : π 1 (S 1 ) → Z. Since that n is a homomorphism bijective we have an isomorphism of π 1 (S 1 ) on Z.
